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Development of a Fuzzy Probabilistic Methodology

for Multiple-Site Fatigue Damage

U. O. Akpan,*P. A. Rushton,” and T. S. Koko*
Martec, Ltd., Halifax, Nova Scotia B3J 3J8, Canada

A strategy for fuzzy-probabilistic assessment of the impact of multiple-site fatigue damage (MSD) on the fatigue
resistance of aging structures is developed. The residual strength of a structure may be significantly reduced by
the existence of fatigue damage at multiple locations. Depending on the level of knowledge with which they are
known, MSD-related parameters may be represented as either purely random variables or fuzzy random variables.
The membership functions of the probabilistic characteristics of fuzzy random variables, namely, mean values and
standard deviations are developed. Mechanistic and probabilistic models used to evaluate multi-site fatigue damage
are also presented. A probabilistic solution strategy, employing a first-order reliability method, is combined with
a response-surface-based fuzzy modeling approach to construct the possibility distributions of the probabilistic
safety indicators (namely, reliability indices and failure probabilities) for components subjected to multiple-site
fatigue damage. Instead of providing the traditional single-valued, purely probabilistic measure for reliability, the
present formulation proves its merit in its ability to combine experimental data with expert knowledge to provide
confidence bounds on the structural integrity of aging structures. Moreover, the predicted bounds are dependent
on the level of knowledge regarding the fuzzy input parameters, with a greater knowledge producing more narrow

bounds. An example problem is used to demonstrate the advantages of the proposed methodology.

Introduction

N-SERVICE aging constitutes an area of major concern for most

structures. Because both new and aging structures must typi-
cally meet or exceed the same structural integrity requirements,
structural longevity must be diligently considered during both the
initial design process and while addressing necessary repair mea-
sures. Whereas the assessment of structural integrity and relia-
bility is founded on an accurate prediction of in-service damage
accumulation, few in the industry recognize the potentially dire
consequences associated with the presence of tiny, virtually un-
detectable fatigue cracks in structures, a phenomenon commonly
referred to as widespread-fatigue damage (WFD). Two categories
of WFD include multiple-site damage (MSD), which refers to WFD
within the same structural element, and multiple-element damage,
which denotes extensive fatigue-induced damage within adjacent
structural components. In the aviation industry, for example, air-
craft structures are currently designed to possess large lead-crack
damage tolerances. WFD may significantly compromise this tol-
erance, and its detection is unfortunately limited by the capabili-
ties of current inspection technologies. As such, minimizing the ef-
fects of WFD requires an accurate and reliable estimate as to when
WFD-induced degradation of residual strength would become un-
acceptable and then repairing the structure before such time. Such
a formidable task is further complicated by the fact that structures
are continuously aging and often operating beyond their original de-
sign lives. Enhancing knowledge of multiple-site fatigue damage,
through both elicitation of subject matter experts (SMEs) and other
viable sources, is of utmost importance to both the improvement of
current structural designs and also the development of more effec-
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tive inspection and maintenance management programs for aging
structures.

Durability- and damage-tolerance-based strategies currently em-
ployed to evaluate the effects of MSD on structural integrity are
based largely on the application of fracture mechanics and fatigue
crack growth laws. Such laws constitute the foundation for many
inspection scheduling and life-extension decisions. Much experi-
mental testing has been conducted to evaluate structural response
in the presence of MSD."? Such investigations are typically based
on virgin material, or at best, artificially aged specimens. How-
ever, many of the parameters associated with MSD are largely un-
certain, especially with age. As a result, researchers* have ex-
panded deterministic-based approaches into the probabilistic realm,
in which the once deterministic MSD parameters are considered
random, each defined by characteristics such as mean, standard de-
viation, parametric correlation, and distribution type. However, an
element of uncertainty may even be inherent in the probabilistic
characterization of a set of random variables. Moreover, with age,
a structure’s original properties, as well as the certainty with which
they were once known, tend to degrade somewhat. In some cases,
these uncertainties are objective in nature, in which case they can be
modeled by probabilistic mechanics. In many instances, however,
the probabilistic characteristics (mean, standard deviation, correla-
tion, etc.) of the variables involved are not precisely known, thereby
rendering the uncertainty subjective. Such parametric subjectivity
is more suitably modeled by means of fuzzy logic methods, which
combine experimental data with knowledge gained through elici-
tation of SMEs to provide ultimately confidence bounds on struc-
tural reliability. Both parametric uncertainty and in-service aging of
structures may be accounted for through careful fuzzy probabilis-
tic characterization and analysis, in conjunction with expert (SME)
elicitation.

Various strategies for modeling uncertainty have been presented
in the literature, including concepts involving stochastics (proba-
bilistics), fuzziness, antioptimization, and convex modeling. A thor-
ough review of such modeling strategies is provided in Refs. 5-7.
The objective of the current study is to develop a fuzzy proba-
bilistic framework with which the effects of multiple-site fatigue
cracking in structures may be modeled. The approach synergisti-
cally combines the fuzzy modeling strategy developed by Akpan
et al.® with probabilistic models for MSD,? thereby, providing a
methodology for computing the possibility distribution of proba-
bilistic quantities such as reliability index g or failure probability
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Py for structures under the influence of multiple-site fatigue dam-
age. Traditional purely probabilistic methods yield a single value for
B and Py, which ignores inherent uncertainty in knowledge of the
impact of MSD on residual strength and whose confidence bounds
cannot be accurately defined. The merit of the approach presented
herein lies in that, in lieu of a single-valued (purely probabilistic) B
or P, arange of possible values may be specified based on the level
of knowledge regarding the relevant input parameters. In general,
greater confidence in the input parameters corresponds to a more
narrow range of possible output values.

This paper will first outline both the mechanistic approaches to
evaluating MSD, including limit state function definition and the
probabilistic solution methodologies, which may be used to account
for the effects of MSD. An overview of the fuzzy modeling tech-
niques will then be provided, including the response surface method.
Finally, an example problem is presented demonstrate the capabili-
ties of the proposed methodology.

Probabilistic and Mechanistic Modeling

Mechanical Formulation and Probabilistic Reliability Models
for MSD Problems

Damage tolerance and reliability of structures is based on an accu-
rate prediction of in-service fatigue damage accumulation. Several
techniques have been proposed in the literature to account for the
detrimental effects of multiple-site fatigue damage. With the nu-
merous uncertainties inherent in both the physical process by which
MSD progresses and the mathematical models used in its evalua-
tion, it is being increasingly recognized that the phenomenon is best
described using a probabilistic framework.

Evaluation of fracture characteristics and fatigue crack growth of
multiple cracks may be accomplished by a number of means. For
example, consider the linkup of a lead crack with an MSD crack,
which occurs at the point where their corresponding plastic zones
meet. Progressive linkup with other MSD cracks would continue
until such time as the applied stress o, exceeds the component’s
residual strength o, , that is, o, < o,. The residual strength of a plate
of width W may be approximated by the following’:

o = [W —¢/_,(2a) (0, /W) M

in which ¢; is the half-crack length of a given lead or MSD crack.
It can be shown that lead crack residual strength may be signifi-
cantly reduced by MSD, the extent of which is extremely sensitive
to structural configuration.

Alternatively, finite element (FE) technology may be applied to
estimate stress intensity factors (SIF) for structural components sub-
jectto MSD. For cases involving a large number of MSD cracks, the
practicality of an FE approach is limited by its high computational
costs. Other numerical approaches, such as the use of complex stress
functions to describe the stress distributions surrounding an MSD
configuration, may also prove computationally expensive.

A fracture mechanics-based technique known as the compound-
ing method has proven to be the most versatile and computationally
efficient technique, well suited to the numerous model solutions
typically required by a probabilistic analysis. Although approx-
imate, the SIF solutions obtained via the compounding method
are, nonetheless, reasonably accurate. Because the compounding
method will be employed herein, details regarding its application
are discussed in the following paragraphs.

In traditional linear elastic fracture mechanics, the mode 1 stress
intensity factor range AK for a center-cracked panel of finite width
W is given by

AK = Ao/maY 2

in which Ao is the applied stress range, a the half-crack length, and
Y a geometric correction factor. The compounding method simply
implies the use of an effective or compounded geometric correction
factor calculated as the product of several correction factors from
existing solutions for simple geometries. In other words, in the case

of a component subjected to MSD, the effective stress intensity
factor range AK . is given by

AKer = Ao/maYeg (3)
The compounded geometric correction factor Y. is given by
Yir =Y., Y, Y, Y, (4)

where Y, accounts for corner cracks, Y, considers cracks originating
atahole, Y, accounts for the interaction between neighboring holes,
Y, considers a plate having finite width, and Y, accounts for mutual
crack interaction effects.® For a through-thickness crack originating

athole i, Y, is given by
Yo =[] ¥ 5)
i#]

where Y,; ; is the hole interaction factor for two holes i (origin) and
Jj (neighboring). Similarly, the crack interaction factor for crack i is

given by
Ymi = 1_[ Ymi._j (6)
i#]
where Y,,; ; is the interaction factor for two cracks i and j. Exper-

imental studies®!? have shown the compounding factors of most
significance to be Y, and Y,,, reducing Eq. (3) to

AK s = Ao Y na(YwYm) (7)

For a panel of finite width (W), Y,, is given by the familiar expression

Yy = +/sec(ma/W) 3)

where a is the half-crack length. The interaction factors for lead and
MSD cracks were developed by Kamei and Yokobori.!!

A number of performance or limit state functions g ;(X) may be
defined for the assessment of structural integrity in the presence of
MSD. For cases involving instantaneous fracture and fatigue crack
propagation, respectively, two such functions may be formulated in
terms of 1) exceedance of the corresponding critical crack length
a.; at any time ¢ and 2) exceedance of the critical mode 1 fracture
toughness K¢ of the material.

The compounding method essentially determines an effective
crack configuration, A, for which the failure likelihood is given
by

Py =P(gfaq <0). rag = 9(A) ©)

where gy 4, defines the limit state in terms of ¢, which is in turn
a function of the various crack sizes and geometric configuration.
For the first fatigue crack growth (FCG) criterion defined in the
preceding paragraph, the limit state may be specified in terms of
damage functions &(a) as

8faq(t) = §(aer) — Ela(r)] (10)

where a, is the critical crack length and a(¢) the crack length at
time 7. The damage functions &(a) are given by

a da N
EW):L/ — =-~~=t/ C(Ao)"dN (11)
%Qﬁmmmﬂ> No

where qy is the initial crack length.

Orisamolu® proposed an extension of the described approach to
cases involving multiple cracks. Consider, for example, the interac-
tion of two cracks i and j, of lengths a; and a;, respectively. The
corresponding critical damage functions are given by

‘S;:(ai,cr) :/mr dai m (12)
w \{vTailYer(a;, apl}

djcr da:
é@m=/ 4 . (13)
aj, {«/ﬂa/[chf(aiaa/)]}
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whereas the corresponding damage functions at time ¢ are given by

aj(t) da,-
§la: ()] = f 7 (14)
aj, {«/ﬂfli [Yesr(ai, flj)]}

aj() da;
Ela; (] = / - (15)
ay \ VTG Yerai, a1}

Moreover, an effective FCG-based limit state function for multiple
interacting cracks may be defined as follows:

81.400(1) = Minimize (£ (@, o) — [0, (01} (16)

Similarly, the second fracture criterion mentioned earlier may be
defined by the following limit state:

&riaur = Kic — (Wag) AK 5 17)

in which K¢ is the mode 1 fracture toughness and Wax a bias
correction factor for the estimation of the effective stress intensity
factor range for the effective crack configuration® (AK 4_,).

Probabilistic Solution Strategies

Either of Egs. (16) or (17) can be used to compute the failure prob-
ability of an aging structure in the presence of multiple-site fatigue
damage. However, note that, because some of the model parameters
are not only random in nature, but also fuzzy to some extent, there
are many possible realizations for the probability of failure and re-
liability index. A strategy for computing the possibility distribution
for these probabilistic response quantities will be developed in the
next section. The limit state function g(X) is typically defined such
that

g(X) <0 = (failure
g(X)=0 = limit state boundary (18)
g(X)>0 = no failure

The instantaneous reliability of a structure may be calculated based
on one of the earlier defined limit states, where the failure domain
is defined by  =[g(X) < 0] and its compliment Q' =[g(X) > 0]
defines the safe domain. The instantaneous failure probability at
time ¢ is defined by

Pr(t) = / fIX(®)]dx (19)
Q

where f[X (¢)] is the joint probability density function of the basic
random variables at time ¢. In general, the joint probability density
function is unknown, and evaluating the convolution integral is a
formidable task. Several practical approaches have been developed,
including first-order relability method (FORM) and second-order
reliability method (SORM).

FORM, also known as fast probability integration scheme, is the
most robust methodology for computing instantaneous failure prob-
ability. The method uses the Hasofer—Lind formulation, developed
in 1974. The basic concept of the Hasofer—Lind formulation [or
Advanced First-Order Second Moment (AFOSM) model] involves
the transformation of Gaussian, that is, normal, random variables to
the standard form (mean p =0 and standard deviation o = 1. The
Hasofer—Lind (HL) reliability index By is then computed as the
minimum distance from the origin to the limit state surface.

Although the HL formulation is limited to cases involving nor-
mally distributed variables, the work represents an important mile-
stone and has laid a solid foundation for the development of a class
of procedures generically referred to as FORM. FORM procedures
utilize optimization-based techniques to evaluate the reliability in-
dex B, from which the failure probability P can then be obtained
using the relationship:

B=o""(P) (20)

where @ is the standard normal cumulative distribution function.
FORM procedures utilize the full distribution information of the
random variables involved in the definition of the limit state func-
tion and parametric correlation is permitted. Several techniques are
available with which to perform FORM calculations. It is sufficient,
however, to illustrate the basic features of the entire class via a de-
scription of a particular scheme called the HL—Rackwitz—Fiessler
(RF) algorithm. The HL-RF algorithm is named after Hasofer and
Lind based on the work described earlier, and Rackwitz and Fiessler,
who in 1978 first proposed the generalization of the HL scheme to
non-Gaussian random variables. The HL-RF algorithm is one of
the most popular FORM procedures.

The essential steps involved in FORM algorithms include 1) trans-
formation of the vector of basic random variables X from the orig-
inal X space to the standard normal U space; 2) a search (usually
in U space) for the point (denoted by U*) on the limit state surface
g(U) =0 that has the highest joint probability density, the point
popularly referred to as the design point, failure point, or the most
probable point (MPP); 3) an approximation (at the MPP) of the fail-
ure surface in U space; and 4) computation of the distance from
the origin to the MPP, referred to as reliability index §, from which
failure probability follows [Eq. (20)].

The transformation from the original (X space) to the standard
normal (U space) is usually denoted by the transformation operator
T such that

U=TX) 21

The probability transformation scheme described earlier has been
shown to yield extremely accurate results in reliability analysis.

The search referred to in step 2 is conducted by means of the
solution of an optimization problem. The optimization problem per-
taining to the calculation of the HL reliability index in the U space
may be posed as follows:

minimize D = /UTU; = B,

The solution of this problem locates the MPP and the n#-dimensional
position vector defining this point, U*, is given by

subjecttog(U;)) =0  (22)

U* = a*B (23)

where a* is the unit normal vector at the MPP, which is in turn given
by

o = Vg(U) (24)
Vg (U")|

where V is the gradient operator. The computed reliability index B
has a one-to-one nonlinear relationship with the failure probability
Py.
The HL-RF algorithm is currently the most widely used method
for solving the constrained optimization problem in structural

reliability.'> The method is based on the following recursive
formula:
U1 = [1/V8" (W) VgWD][Ve" WU — gU)] VUi

(25)

Experience has shown that for most situations, the HL-RF algo-
rithm converges rapidly. It is the primary reliability methodology
employed in the present study.

SORM involves the use of a quadratic approximation of the per-
formance function, which, in the event of a truly nonlinear limit state
surface, generally provides slightly improved results over those of
FORM. Several algorithms have been developed for SORM, includ-
ing the following.

Breitung!?:

n—1

Py =) [ [+ 82 (26)

Jj=1
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Hohenbichler and Rackwitz'*:

1

n—1
oB) \*
Py = ®(—p) (1-{-—/(") 27
}1 ® ()"
Tvedt'3:
P = d—pR.|i[ 2 s
r=PEAR|i| =~ 1
2n—1
X eXp[@] 1_[(1 — TKj)f% dr (28)

j=1

In relations (26-28) B is the FORM-based reliability index, # is the
number of random variables, and «;, j =1, 2, ..., n — 1, are the or-
dered main curvatures of the original failure surface in the u space
at the design point. Alternatively, the Monte Carlo simulation tech-
nique, in which the failure set g(X) is populated through generation
of random samples, has proven a valuable instrument in reliabil-
ity analysis. All of these techniques have been implemented in the
COMPASS probabilistic analysis program.'® The proposed method-
ology has been applied in the solution of several example problems
using the FUZPROB fuzzy probabilistic analysis program, which
uses COMPASS as its probabilistic computational engine.

Fuzzy Modeling Of Probabilistic Response

Many of the parameters included in the models used to describe
fatigue crack growth in the presence of MSD are calibrated using a
combination of experimental data and expert opinion, including the
component width, thickness, applied stress range, material proper-
ties, loading, and correction factors. It is well accepted that no gen-
eral consensus (even from SMEs) exists as to the best selection of
deterministic values for these parameters, let alone the most appro-
priate probabilistic characteristics such as mean, standard deviation,
correlation, and even distribution type. This selection is made even
more difficult given that components are continuously subject to
the aging process and knowledge regarding the impact of in-service
aging is rather limited. Therefore, such parameters cannot be mod-
eled accurately as purely deterministic or purely random variables
and should be instead represented as fuzzy random variables, in-
corporating a subjective degree of fuzziness into their probabilistic
characterization. Accordingly, a fuzzy modeling strategy must be
employed to accommodate such parametric subjectivity.

Modeling of MSD-Related Fuzzy Random Input Variables

Asalready alluded to, some of the parameters used in fatigue crack
laws and MSD models may be described as fuzzy random variables.
More specifically, the probabilistic characteristics of these random
variables (mean value, standard deviation, correlation, etc.) could
be fuzzy to some degree because estimates are typically derived
from both experimental data and elicitation of SMEs. The process
by which fuzzy variables are quantified is known as fuzzification,
which is accomplished by constructing a possibility distribution or
membership function for the variable. An example of a skewed
convex triangular possibility distribution for the mean value of a
random variable is shown in Fig. 1, whereas a trapezoidal possibility
distribution is shown in Fig. 2. The y axis reflects «, the level of
knowledge regarding the mean value of the random variable, with
values ranging from zero to one, where o =0 corresponds to little
knowledge or highly uncertain and o = 1 (referred to as the normal
point) implies a high degree of knowledge or being very confident.
The x axis suggests the upper and lower bounds between which the
mean value of the input parameter is thought to lie for a given level
of knowledge «. Similar representations can be carried out for the
standard deviation of the fuzzy random variables. The fuzzification
process involves an aggregation of expert opinion and experimental
data and is not pursued in the current investigation. See Ross!” for
a more detailed description of the fuzzification process.

Level of Knowledge (i.e., Degree of Belief) o

Normal Point

0.0

Y
x

« &
XL XiR

Input Parameter, x

Fig. 1 Triangular possibility distribution of the mean value of a fuzzy
Random Variable.

Level of Knowledge (i.e., Degree of Belief) o

0.0

A 4

X,

BOUNDARY

>

BOUNDARY

SUPPORT

Fig. 2 Trapezoidal possibility distribution of the mean value of a fuzzy
Random Variable.

Computation of Fuzzy Probabilistic Response

On fuzzification of the characteristic values of random variables,
namely, mean, standard deviation, correlation, and probability distri-
bution, the fuzzy probabilistic response quantity, that is, probability
of failure or reliability index, must be computed, thereby implying
that a possibility distribution also be constructed for the response
quantity. Computation of fuzzy response is based on a fuzzy prin-
ciple known as the extension principle, which, in some cases, may
require an impractical amount of computational resources, depend-
ing on the number of fuzzy variables considered. A much-improved
solution strategy, which circumvents the limitations of the extension
principle, namely, the response surface method, was developed by
Akpan et al.'® The extension principle is briefly discussed in the fol-
lowing section, followed by a presentation of the response surface
solution strategy.

Extension Principle

The extension principle associates the possibility distribution for
the fuzzy input parameters with that of the fuzzy response func-
tion. Given a set of independent fuzzy variables x;,i =1,2,..., N,
where N is the total number of fuzzy input parameters, on which a
function y(x;) operates, the extension principle gives the possibil-
ity distribution u,; of the output function ¢ = y(x;) (probability of
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failure or reliability index) as
paile = ()] = suple [ min(uyi{y ()b ]

—00 < y(x;) < 00, 1l<i<N 29)

where sup represents the supernum operator that gives the least up-
per bound. Equation (29) essentially states that, for a crisp value
of the output function y(x;), there exists either zero, one, or more
combinations of the fuzzy variables x; such that y(x;) = c. In fuzzy
set theory, the possibility of a particular outcome is equal to the
minimum possibility of its constituent events. When several paths
may be used to predict the outcome, each with its own possibility,
then the overall possibility of this outcome is given by the maximum
of all individual possibilities. Two approximate numerical method-
ologies, namely, the discretization method and the vertex method,
are used to compute fuzzy parameters by means of conversion from
fuzzy to crisp values. These techniques will be discussed in the fol-
lowing subsections.

Discretization method: The discretization method requires that
each fuzzy input variable be discretized into a domain D; of discrete
values. The output function y must be evaluated a total of

N
[ @

i=1

times. Consider, for example, a problem involving five fuzzy in-
put parameters, each discretized into five values. In this case, the
output function must be solved a total of (5)° = 3125 times. Unfor-
tunately, this method requires a significant amount of computational
resources, thereby, making it impractical for computing reliability
indices and failure probabilities.

Vertex method: In terms of computational expense, the vertex
method is much cheaper for numerical implementation of the ex-
tension principle. This technique is oftentimes referred to as the
combinatorial method. The main steps required in the vertex or
combinatorial method include 1) discretization of the fuzzy input
parameters using an a-level representation; 2) collection of all bi-
nary combinations of the extreme left (L) and right (R), that is,
lower and upper, respectively, values of all fuzzy variables at each o
level; 3) computation of the fuzzy response function y for all binary
combinations of fuzzy input variables; and finally 4) selection of the
maximum and minimum values of the response function y at each
a level.

As alluded to earlier, an a-level representation of a fuzzy variable
X, denoted by the range [X], , X irls indicates the interval in which
the variable is thought to lie with a level of confidence equal to o.
Therefore, at any « level, each fuzzy variable is discretized into a
range of crisp values between X', and Xj';. On discretization of
the fuzzy input parameters, all combinations of their extreme L and
R values (at a given « level) are fed into the output function y. As-
suming a total of N fuzzy variables and denoting the combinations
by Co.j, j=1,2,..., N¢jo, where N, is the total number of bi-
nary combinations at a given « level, then the fuzzy response can be
written as y(Cy, ;). It is easily shown that the total number of binary
combinations at a given « level is equal to 2". The fuzzy response
at each o level is given by

[ve. y] = {min |; ;[y(C:. )], max ;. ;[y(Cx. )1}

A>a, j:1,2,...,NC/O, (30)

For a range of « levels, the results of Eq. (30) are then used to
construct a possibility distribution for the response function y. In
general, the greater the number of « cuts, the more accurate is the
predicted possibility distribution. For a number of « cuts A, the
response function (probability of failure or reliability index) must
be solved a total of A x 2V times. It is evident that computational
cost grows exponentially with increasing number of fuzzy input
variables. For example, a problem involving 5 fuzzy variables and

5 & cuts requires that the objective function be called 5 x 23 = 160
times, whereas one involving 10 fuzzy parameters and 5 o cuts must
call the output function a total of 5 x 2!® = 5120 times.

Response Surface Prediction of Fuzzy Response

The response surface method is a classical statistical technique
wherein a complicated model is approximated using a simplified re-
lationship between the fuzzy input variables and the fuzzy response
function. Instead of collecting the binary combinations of upper
and lower fuzzy inputs (mean values, standard deviations, correla-
tion coefficients, etc., of fuzzy random variables), adjustments are
made to the normal point of all fuzzy variables, and the resulting
impact on fuzzy response is observed. Because most systems are
very well behaved, the impact of such adjustments may be used to
develop an explicit function, that is, response surface, relating the
input and output variables. For a quadratic response surface, this
function is given by

N N N
y(x) =a+zbixi+zzcijxixj €20

i=1 i=1j=1

where N is the number of fuzzy variables x, y(x) is the response
function approximation, and the coefficients a, b, and ¢ are deter-
mined through regression of experimental data. On calculation of
the approximate fuzzy response function y(x), a combinatorial opti-
mization is performed at each « level to determine the combination
of fuzzy variables yielding the extreme values of fuzzy response.
More specifically, two combinatorial optimizations are required at
each a-level, with the following objectives:

1) Determine the combination of x;f  and x{',, denoted by Co/min,
that minimizes the approximate function y(x).

2) Determine the combination of X7y and X{'ps denoted by Cy /max,
that maximizes y(x).

The true maximum and minimum responses at each « level are
then determined by feeding the values of Cy/min and Cg/max into a
finite element model or other numerical engine. This methodology
requires that the response function be solved only twice at each «
level. For a number of « cuts A, the response surface method re-
quires only A x 2 runs, whereas the vertex method requires A x 2V
runs. As noted by Akpan et al.,'® the response surface method repre-
sents an enormous improvement in computational efficiency, with-
out compromising predictive accuracy, and places no limit on the
number of fuzzy variables that may be included. The response sur-
face approach to fuzzy probability response computation is shown
schematically in Fig. 3.

Example Demonstration

In the following section, an example will be considered to demon-
strate the application of fuzzy probabilistic logic to the problem of
multiple-site fatigue damage. A typical MSD scenario observed in
a structural panel is shown in Fig. 4, in which a series of cracks is
discovered emanating from a row of fastener holes.

For the current example, consider the fracture-based perfor-
mance function for MSD, given previously by Eq. (17) as
8rags =Kic — (Wak)AK 4., where the mode 1 fracture toughness
is given by K ;¢ and W is the correction factor for the bias in esti-
mating the effective SIF range for the effective crack configuration,
that is, AK 4. The effective SIF range was given earlier by Eq. (7)
as AKer= Ao/ma(¥,Y,). All model parameters are assumed to
be either random variables or fuzzy random variables, with nominal
probabilistic characteristics summarized in Table 1. The fuzzy input
variables are assumed to be triangular in nature (Fig. 1). With em-
playment the limit state function defined earlier, in conjunction with
the response surface strategy outlined by Akpan et al.,>!° a fuzzy
probabilistic analysis was performed. A total of 18 fuzzy variables
were considered, namely, the mean and standard deviation of the
nine MSD-related parameters summarized in Table 1. Uncertainty
or fuzziness in the mean and standard deviation was assumed to
lie within (+5%, —5%) for all parameters except fracture tough-
ness K¢, for which the fuzziness in probabilistic characteristics
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was assumed to lie within the skewed range of (+1%, —5%) to
approximate the adverse effects of in-service aging.

The original probabilistic characteristics of each parameter were
then used to obtain nominal FORM-based estimates of failure proba-
bility (P9 =0.061) and reliability index (8y = 1.546). The response
surface technique outlined earlier was then applied to determine the
possibility distributions for failure probability and reliability index.
The possibility distribution for failure probability based on the use
of fuzzy nominal means is shown in Fig. 5, whereas that based on
the use of fuzzy nominal standard deviations is shown in Fig. 6. It
is seen that the predicted bounds widen significantly as the level of
knowledge decreases. It is interesting that, although the fuzziness
in the input parameters varies linearly, the resulting mean-based
possibility distribution exhibits a nonlinear variation, whereas that
based on fuzzy standard deviations depicts linear behavior. The cor-
responding possibility distribution based on combined fuzzy input
parameters, that is, both fuzzy means and fuzzy standard deviations,
is shown in Fig. 7. For the current example, it is evident that un-
certainty in the mean of the relevant MSD parameters has a much
more pronounced effect on the possibility distribution for failure
probability than does an equal degree of uncertainty in standard
deviation.

Table 1 Probabilistic and fuzzy characterization of MSD random

variables
Description of Standard
random variable Distribution Mean p? deviation o'®
Applied stress range Ao Gumbel 650.000 100.0000
Crack size C ac Normal 0.010 0.0010
Crack size B ap Normal 0.010 0.0010
Crack size A ay Normal 0.006 0.0006
Tip separation between Lognormal 0.020 0.0020
Aand B byp
Tip separation between Lognormal 0.020 0.0020
Band C bBC
Fracture toughnessb Kic Weibull 174.000 17.4000
Panel width W Normal 0.400 0.0200
Bias correction factor W Normal 1.000 0.1000

2Fuzziness in 1 and o assumed to lie within £5%.
YFuzziness in K;¢ assumed to lie within [4+1%, —5%].

Figure 8 shows the possibility distribution for reliability index
based on the use of fuzzy nominal means, whereas that based on
the use of fuzzy nominal standard deviations is shown in Fig. 9. It
is seen that the predicted bounds widen significantly as the level
of knowledge decreases. Again, despite the linearly fuzzified input,
the resulting fuzzy mean-based possibility distribution exhibits a
nonlinear variation, whereas that based on fuzzy standard deviations
depicts linear behavior. The corresponding possibility distribution
based on combined fuzzy input parameters, that is, fuzzy means
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Fig. 4 Schematic of multi-site fatigue damage in an aging structure.
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Fig. 5 Possibility distribution for probability of failure based on un-
certainty in parametric mean, Py =0.061.
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Fig. 3 Response surface strategy for fuzzy-probabilistic analysis of aging structures.
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Fig. 6 Possibility distribution for probability of failure based on un-
certainty in parametric standard deviation, Psy = 0.061.
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Fig. 7 Comparison of probability of failure-based possibility distribu-
tions for individual and combined fuzzy input parameter characteris-
tics: ¢, mean; [, standard deviation; X, combined mean and standard
deviation.

1.0 .

AN
4 \
e \

@t T T T T T T T @

040 050 060 070 080 0.9 100 110 120 130 1.40
Scaled Reliability Index (3/8,)

Level of Knowledge

Fig. 8 Possibility distribution for reliability index based on uncer-
tainty in parametric mean, 3y = 1.546.

and standard deviations, is shown in Fig. 10. As was observed for
probability of failure, it is evident that uncertainty in the mean of the
relevant MSD parameters has a much more pronounced effect on
the possibility distribution for reliability index than does an equal
degree of uncertainty in standard deviation.

As already mentioned, in lieu of the traditional single-valued
probabilistic results for g and Py, the x axis of a fuzzy-based pos-
sibility distribution implies an upper and lower bound within which
the objective, in this case reliability index and failure likelihood, is
thought to lie for a given level of knowledge. For example, suppose
there is 50% confidence in the fuzziness associated with both the
mean and standard deviation of the nominal input parameters, that is,
(+0.5%, —2.5%) for K ;¢ and (+2.5%, —2.5%) for all other input
parameters. Figure 10 suggests that bounds on the corresponding
reliability index would lie between 75% and 120% of its nomi-
nal value, thereby, making available to the decision maker both the
worst- and best-case scenarios at this particular level of parametric
fuzziness.
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Fig. 9 Possibility distribution for reliability index based on uncer-
tainty in parametric standard deviation, 3 = 1.546.
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Fig. 10 Comparison of reliability index-based possibility distributions
for individual and combined fuzzy input parameter characteristics:
¢, mean; [, standard deviation; X, combined mean and standard
deviation.

Recall that all fuzzy input parameters have linear unskewed trian-
gular possibility distributions, that is, (+5%, —5%), with the excep-
tion of fracture toughness K ;¢ , which has a linearly skewed triangu-
lar possibility distribution, that is, (41%, —5%). Note that the fuzzy
input has resonated through the entire solution to produce nonlin-
early skewed possibility distributions (Figs. 5-10). The predicted
bounds on failure probability and reliability index based on the use
of combined fuzzy random variables, that is, combined means and
standard deviations, are wider than those predicted based on fuzzy
nominal means and standard deviations considered individually. For
the current example, use of the response surface technique (18 fuzzy
variables and 5 « cuts) in lieu of the vertex method has reduced the
number of required solutions from 5 x 2'® = 1,310,720 runs to only
5 x 2=10runs, an reduction of more than five orders of magnitude.

Conclusions

MSD is a growing problem for aging structures (especially aircraft
structures), one which is compounded by their continued operation
well beyond their original design lives. Moreover, traditional poli-
cies for damage tolerance and structural integrity give little consid-
eration to the potentially catastrophic repercussions associated with
the neglect and nondetection of MSD and give even less considera-
tion to the uncertainty inherent in many of the parameters involved.

Several mechanistic and probabilistic models for MSD have been
presented. The potential for combining probabilistic analysis tech-
niques with fuzzy modeling strategies has also been advanced, with
focus on use of the response surface method.®'° Depending on the
level of knowledge and degree of subjectivity, parameters affect-
ing MSD may be represented as deterministic, random, fuzzy, or
fuzzy random variables. A strategy for fuzzy probabilistic assess-
ment of the impact of MSD on aging structures has been developed.
FORM-based probabilistic solution strategies and response surface
fuzzy modeling strategies have been combined to construct possi-
bility distributions of the probabilistic response quantities, namely,
reliability index $ and failure probability P, for components subject
to MSD. In lieu of providing a crisp value of structural reliability,
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the merit of the proposed methodology lies in its ability to imple-
ment a combination of experimental data and expert opinion in the
prediction of confidence bounds on the structural integrity of ag-
ing structures. The predicted bounds are largely dependent on the
level of knowledge regarding the probabilistic characteristics of the
fuzzy input parameters, with a higher degree of knowledge produc-
ing much tighter bounds.

An example problem, which employs a fracture-based failure
criterion for MSD, has been presented to demonstrate the proposed
fuzzy probabilistic methodology. For this example problem, it was
observed that, whereas reliability is greatly affected by uncertainty
in parametric mean, variability in standard deviation is of much less
significance. A similar investigation need not be limited to the un-
certainties specified herein, but rather the degree of uncertainty for a
given input parameter could be tailored to match observed variabil-
ity in experimental data and expert opinion. Moreover, the current
methodology may be employed in conjunction with any limit state
function deemed appropriate for MSD (without modification to its
basic formulation) and should not be limited to those mentioned
herein. The input parameter fuzzification process has not been pur-
sued during this work, but is discussed in detail in works by Ross'”
and Akpan et al.'"® To the best of the authors’ knowledge, similar
investigations have not been performed to date.
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